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Quasilocal definitions of stress-energy-momentum—that is, in the form of boundary den-
sities (rather than local volume densities)—have proven generally very useful in formulating
and applying conservation laws in general relativity. In this paper, we present a first detailed
application of such definitions to cosmology, specifically using the Brown-York quasilocal
stress-energy-momentum tensor for matter and gravity combined. We compute this tensor,
focusing on the energy and its associated conservation laws, for FLRW spacetimes with
no pertubrations and with scalar cosmological perturbations. We show how our results re-
cover or relate to the more typical effective local treatment of energy in cosmology, with a
view towards better studying the issues of the cosmological constant and of cosmological
back-reactions.
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2I. INTRODUCTION
Observations of the Cosmic Microwave Background (CMB) and galaxy surveys support the
isotropy and homogeneity of our Universe on large scales (> 100 Mpc) [2]. Hence the maximally
symmetric class of solutions of Friedman-Lemaître-Robertson-Walker (FLRW) for the Einstein
equation is a good fit for describing our Universe on those scales. The same observations also
support the fact that the particular FLRW solution describing our Universe is dominated today by
an exponential expansion of space. This phenomenon, which continues to provoke a variety of
theoretical problems and diverse explanations, is most simply accounted for by the inclusion of a
positive cosmological constant Λ in the Einstein equation1,
Gab[gcd] + Λgab = 8piTab[gcd, ϕ] , (1)
where gab is the spacetime metric, Gab the Einstein tensor of this metric and Tab the matter stress-
energy-momentum tensor of a collection of matter fields ϕ. The typical physical interpretation
given to the cosmological constant term follows by moving it to the RHS:
Gab[gcd] = 8pi(Tab[gcd, ϕ] + TΛab[gcd]) , (2)
where we have defined
TΛab[gcd] := −
1
8piΛgab , (3)
thus interpreted from this perspective as playing the role of an effective local stress-energy-
momentum of the “gravitational vacuum”, with a constant local energy volume density ρΛ = TΛ00,
and equal but negative local pressure pΛ = −ρΛ.
However it has long been understood that, fundamentally, gravitational energy-momentum can-
not be treated as a local concept in general relativity. The difficulties that this generally implicates
were long recognized by Einstein both during and after the development of the theory, and Noether
proposed her famous conservation theorems strongly motivated by and in support of this very
claim; see e.g. Ref. [4] for more historical background. Alongside the mathematical arguments,
there is a simple physical explanation for the non-localizability of gravitational energy-momentum,
which comes directly from the equivalence principle (see, e.g., Sec. 20.4 of Ref. [5]): if in any
given locality one is free to transform to a frame of reference with a vanishing local “gravitational
field” (connection coefficients), then any local definition of (changes in) the energy-momentum
of that field would likewise have to vanish (even in situations where such changes are physically
expected).
Thus the interpretation of a Λ term in the Einstein equation as describing a local “gravitational
energy”, or local “energy of the gravitational vacuum” can be made sense of at best only as an
effective one. Fundamentally, such notions cannot be local in character, and the general solution
taken by relativists today, though no consensus exists on its exact formulation, is to treat them
1 We work in the (−+++) signature of spacetime, in geometrized units (G = 1 = c), and follow the conventions of
Wald [3]. In particular, Latin letters are used for abstract spacetime indices (a, b, c... = 0, 1, 2, 3).
3quasilocally: as boundary rather than volume densities. To our knowledge, an analysis of quasilo-
cal energy-momentum definitions in cosmology has not been developed up to the present work, and
thus it is our aim in this paper to offer an initial exploration of these ideas, specifically employing
the Brown-York quasilocal stress-energy-momentum tensor (for matter and gravity) [6] and a con-
struction called quasilocal frames, first introduced in Ref. [7] and subsequently developed in Refs.
[8–15].
Also connected to the gravitational energy-momentum issue in cosmology is the problem of the
back-reaction of cosmological perturbations. At the same time that we observe a Λ-dominated ho-
mogeneous and isotropic (FLRW) Universe on large scales, we also observe large inhomogeneities
on small scales (such as voids and non-uniform distributions of galaxies and stars). Then the reader
with an “average” background in cosmology may wonder: how do these local inhomogeneities add
up to make a homogeneous Universe on large scales? The standard answer that cosmologists pro-
vide is to say: by “averaging”! Although there does not exist a consensus in the field on the method
and formalism by which to do this, and disputes continue on the issue (see, e.g., Refs. [16–20]),
there is nevertheless a common understanding that the deviations from FLRW on small scales can
get “averaged out” to provide a homogeneous and isotropic Universe on large scales. Due to the
nonlinear nature of the Einstein equation, these perturbations may back-react upon the background,
requiring a careful consideration of this issue.
Consider again the Einstein equation (1) for a perturbed metric gab = g(0)ab +λg
(1)
ab +O(λ2), with
g
(0)
ab being the FLRW metric (the perturbative background) and λ denoting the formal (“small”)
perturbation parameter. The standard approach [18, 19] to describing the back-reaction of the
metric perturbation g(1)ab upon g
(0)
ab is to expand this equation to second order in λ and to take the
spatial average of both sides, with the assumption that all perturbations (the linear as well as the
quadratic metric and matter perturbations) average to zero over all of three-space. One thus obtains:
(G(0)ab [g
(0)
cd ] + Λg
(0)
ab ) + λ2〈G(2)ab [g(1)cd ]〉Σ(0) +O(λ3) (4)
= 8pi(T (0)ab [g
(0)
cd , ϕ
(0)] + λ2〈T (2)ab [g(1)cd , ϕ(1)]〉Σ(0)) +O(λ3) , (5)
where 〈·〉Σ(0) indicates spatial averaging over a background Cauchy surface Σ(0). If we now neglect
the cubic perturbation terms and set the formal perturbative parameter λ to 1, the above equation
can be rearranged as
G
(0)
ab [g
(0)
cd ] + Λg
(0)
ab = 8pi(T
(0)
ab [ϕ(0)] + tab[g
(1)
cd , ϕ
(1)]) , (6)
in other words, the Einstein equation for the background metric g(0)ab with an effective local
(quadratic) perturbative correction to the background local matter stress-energy-momentum tensor
given by2
tab[g(1)cd , ϕ(1)] := 〈− 18piG(2)ab [g(1)cd ] + T (2)ab [g(1)cd , ϕ(1)]〉Σ(0) , (7)
2 This follows the notation of Ref. [18]; in Ref. [19] instead this object is denoted as “τab”, however we will reserve
this notation for another object in this paper.
4which may in this way be viewed as describing both gravitational and non-gravitational (i.e. mat-
ter) perturbative back-reactions.
There are different approaches to study these back-reactions with different and even opposite
conclusions3 on their significance for the evolution of the background (e.g., see Refs. [17–19, 21]).
The disputes are either on approximation methods or the issue of the definition of gauge-dependent
variables. There is also the general issue of locality: a space-averaged quantity is not local and a
local observer would not distinguish it [29, 30].
In this paper by employing the Brown-York quasilocal (matter plus gravitational) stress-energy-
momentum tensor along with the notion of quasilocal frames, we calculate the total (matter plus
gravitational) energy of cosmological spacetimes. We do this for unperturbed FLRW spacetimes
with the issue of the cosmological constant in view, and for the scalar modes of cosmological
perturbations with the issue of cosmological back-reactions in view. Our approach is exact and
geometrical, and we make a connection to known effective local results by series expanding our
quasilocal results in a “small locality” (for spacetime regions of small areal radius).
This paper is organized as follows. In Sec. II, we present an overview of the gravitational
energy-momentum issue in general relativity as well as the quasilocal approach to it, in self-
contained technical detail for our purposes in this work. Then we compute and discuss the quasilo-
cal energy of unperturbed FLRW spacetimes with a cosmological constant in Sec. III, and of scalar
cosmological perturbations in Sec. IV. Finally in Sec. V we offer some concluding remarks and
outlook to future work.
Notation and Conventions
We work in the (−,+,+,+) signature of spacetime. Script upper-case letters (A ,B, C , ...) are
reserved for denoting mathematical spaces (manifolds, curves, etc.). The n-dimensional Euclidean
space is denoted as usual by Rn, the n-sphere of radius r by Snr , and the unit n-sphere by Sn = Sn1 .
For any two spaces A and B that are topologically equivalent (i.e. homeomorphic), we indicate
this by writing A ' B.
We follow the conventions of Ref. [3], such that any (k, l)-tensor in any (3 + 1)-dimensional
(Lorentzian) spacetime M is denoted using the abstract index notation Aa1···ak b1···bl , with Latin
letters from the beginning of the alphabet (a, b, c, ...) being used for the abstract spacetime indices
(0, 1, 2, 3). The components of this tensor in a particular choice of coordinates {xα}3α=0 are denoted
by Aα1···αk β1···βl , that is, using Greek (rather than Latin) letters from the beginning of the alphabet
(α, β, γ, ...). Spatial indices on an appropriately defined (three-dimensional Riemannian spacelike)
constant time slice of M are denoted using Latin letters from the middle third of the alphabet in
Roman font: in lower-case (i, j, k, ...) if they are abstract, and in upper-case (I , J , K, ...) if a
particular choice of coordinates {xI}3I=1 has been made.
3 The two main camps continue to disagree on whether the back-reactions of inhomogeneities can contribute signif-
icantly or not to the evolution of the background Universe, and thus for example whether or not these can act like
dark energy or dark matter on different scales. See the series of correspondence in [16–18, 21–28]
5For any n-dimensional manifold U with metric determinant g, we denote its natural volume
form by
U =
√
|g| dx1 ∧ · · · ∧ dxn . (8)
Let S ' S2 be any (Riemannian) closed two-surface that is topologically a two-sphere. Latin
letters from the middle third of the alphabet in Fraktur font (i, j, k, ...) are reserved for indices of
tensors onS . For erxample, S2ij is the volume form of the unit two-sphere S2; in standard spherical
coordinates {θ, φ}, this is simply given by
S2 = sin θ dθ ∧ dφ . (9)
II. SETUP: QUASILOCAL FRAMES AND CONSERVATION LAWS
A. Background and motivation
The problem of defining gravitational energy-momentum is an old and subtle one, the precise
resolution of which still lacks a general consensus among relativists today [31, 32]4. Nevertheless,
it is widely accepted that in the spatial infinity limit of an asymptotically-flat vacuum spacetime,
any proposals for such definitions should recover the ADM definitions [33, 34]. For example,
the well-known ADM energy EADM of an asymptotically-flat vacuum spacetime is given by the
integral over a closed two-surface S ' S2r (topologically a two-sphere S2r of areal radius r) at
spatial infinity (r → ∞) of an energy surface density (energy per unit area), given up to a factor
by the trace k of the extrinsic curvature of that surface5,
EADM = − 18pi limr→∞
∮
S
S k . (10)
At the most basic level, such an interpretation can be conferred upon the term above by virtue of
its being the value of the Hamiltonian of general relativity evaluated for solutions of the theory (i.e.
satisfying the canonical constraints). Similar Hamiltonian arguments can be used to also define a
general ADM four-momentum.
The ADM definitions have proven widely useful in practice, but in principle are limited to
determining the gravitational energy-momentum of an entire (asymptotically-flat vacuum) space-
time. Various current proposals exist [31, 32] for the gravitational energy-momentum of arbitrary
spacetime regions within arbitrary spacetimes. These have generally retained the basic mathe-
matical form (with an exact recovery in the appropriate limit) of the ADM definitions, i.e. that
of closed two-surface integrals of surface densities (in lieu of three-volume integrals of volume
4 The author of the review [31] summarizes the status of this issue: “Although there are several promising and useful
suggestions, we not only have no ultimate, generally accepted expression for the energy-momentum ... but there is
not even a consensus in the relativity community on general questions ... or on the list of the criteria of reasonable-
ness of such expressions.”
5 In fact, taking the r → ∞ limit of the integral on the RHS causes it to diverge, and so to remedy this, a common
practice is to subtract from k a “reference” boundary energy surface density, specifically the boundary extrinsic
curvature of Minkowski space. We comment further on this in Subsec. II C and footnote 6.
6densities, as in pre-relativistic physics), and are for this reason referred to as quasilocal (in lieu of
local) definitions.
In this paper, we assume and work with the quasilocal stress-energy-momentum tensor pro-
posed by Brown and York [6]. While these authors initially proposed it on the basis of a Hamilton-
Jacobi analysis, its definition can more simply be motivated by the following argument which
initially appeared in Ref. [10]. Recall that the stress-energy-momentum tensor of matter alone is
defined from the matter action Smatter, up to a factor, as Tab ∝ δSmatter/δgab, which is a local tensor
(living in the bulk). Following a similar logic, consider a total (matter plus gravitational) action,
Stotal = Smatter + Sgravity . (11)
The gravitational action Sgravity is, in any spacetime region V —which for simplicity henceforth we
take to be a worldtube6, i.e. the history of a finite spatial three-volume, see Fig. 1—as a sum,
Sgravity = SEH + SGHY . (12)
The first term is the Einstein-Hilbert (bulk) term,
SEH =
1
16pi
∫
V
V R , (13)
and the second is the Gibbons-Hawking-York (boundary) term,
SGHY = − 18pi
∫
B
BK , (14)
where K is the trace of the extrinsic curvature of the boundary B = ∂V ' R × S2. Now from
the total action (11), a total stress-energy-momentum tensor τab can be defined (analogously to
the matter-only Tab), as τab ∝ δStotal/δgab. Assuming the Einstein equation (1) holds in V , the
bulk term in the functional derivative now vanishes, and the result evaluates to a tensor living on
the boundary B, i.e. a quasilocal tensor, known as the Brown-York tensor, and given (with the
appropriate proportionality factor restored) by
τab = − 18piΠab , (15)
where Πab is the canonical momentum (defined in the usual way from the extrinsic curvature) of
B. This expresses boundary densities of the total (matter plus gravitational) energy-momentum
which, when integrated over the two-surface intersection of a spacelike Cauchy slice andB, yield
the total values thereof contained in the part of the Cauchy slice (three-volume) withinB.
6 This assumption is made here only to simplify our motivating discussion. We use the word “worldtube” to refer
to a four-dimensional spacetime region with topology R × B3 where B3 is the three-ball. For a full analysis for a
completely arbitrary V , see e.g. [35].
7Figure 1. A (2+1) picture of a worldtube V with boundaryB = ∂V . A spatial slice of the latter is denoted
byS (a closed two-surface, topologically a two-sphere).
B. Quasilocal frames
Conservation laws for energy, momentum and angular momentum using the Brown-York tensor
have been formulated with the use of a concept called quasilocal frames [7–10], which has been
subsequently applied to post-Newtonian theory [11], relativistic geodesy [13] and the gravitational
self-force problem [14, 15].
Essentially, the idea is that additional structure is required onB in order to specify the compo-
nents of stress-energy-momentum seen by a particular set of observers on B. In particular, what
is required is a two-parameter congruence with timelike observer four-velocity ua ∈ TB, the in-
tegral curves of which constitute B. Such a pair (B, ua) is referred to as a quasilocal frame. See
Fig. 2.
With this in hand, the Brown-York tensor τab can now be decomposed (analogously to the local
matter stress-energy-momentum tensor Tab) into components representing the quasilocal energy,
momentum and stress respectively:
E =uaubτab , (16)
Pa = − σabucτbc , (17)
Sab = − σacσbdτcd . (18)
8Figure 2. A (2 + 1) picture of a quasilocal frame (B, ua), whereB = ∂V is the boundary of a worldtube
V and ua is the timelike four-velocity of a two-parameter family of observers the integral curves of which
constituteB.
(Equivalently, τab = uaubE + 2u(aPb)−Sab.) Here, σab is the metric induced on the tangent space
ofB orthogonal to ua. In particular,
σab = gab − nanb + uaub , (19)
where na is the unit normal to B. We thus have, e.g., the following general expression for the
quasilocal energy surface density:
E = τabuaub = − 18pik , (20)
where k is the observers’ (two-dimensional) spatial trace of the extrinsic curvature of B. (Note
that this is readily reminiscent of the ADM definitions, but in principle applicable here to any
spacetime region.)
Before we proceed, we add that in general the four-velocity of our congruence ua need not be
chosen to be orthogonal to the constant time slices S foliating B. Denoting by u˜a the timelike
unit normal toS , we will in general have a shift between these:
u˜a = γ(ua + va) , (21)
where va represents the spatial two-velocity of fiducial observers that are at rest with respect to
S as measured by our congruence of quasilocal observers, and γ = 1/
√
1− vava is the Lorentz
factor.
9C. Conservation laws
The starting point for constructing conservation laws from the Brown-York tensor using quasilo-
cal frames is the following identity (which is simply the Leibnitz rule):
Da(τabψb) = (Daτab)ψb + τab(Daψb) , (22)
for an arbitrary vector field ψa in the tangent space of B, with Da representing the derivative
operator induced on B. Integrating this equation on both sides over a portion of B (between
an initial and final time) and using Stokes’ theorem on the LHS produces conservation laws for
energy, momentum and angular momentum depending upon the choice of the vector ψa.
While the (linear and angular) momentum conservation laws require a more detailed analysis
[10], the one for energy can simply be seen to arise by choosing ψa = ua. In that case, the LHS
of the integrated equation (22) expresses the difference between the total energies at two different
times, with the general expression of the total energy at any given time (on any time sliceS ofB)
given by
E =
∫
S
S (E − Pava) . (23)
The advantage of this construction is that it permits the computation of (changes in) these vari-
ous quantities for any spacetime region V on the boundary of which such a congruence (quasilocal
frame) can be defined. For any small spatial region, that is, one contained inside a topological two-
sphere having an areal radius r much smaller than the spacetime curvature and scale of matter
density variation, the quasilocal energy density (20) evaluates in general to [10]:
E = Evac(r) +O (r) , (24)
where
Evac(r) = − 14pir (25)
is known as the vacuum quasilocal energy density. Matter contributions to E begin possibly from
O(r) and gravitational contributions possibly from O(r3). This vacuum energy is a geometrical
term, simply accountable from the fact that the extrinsic curvature trace of a round two-sphere
in flat space is k = 2/r, and it is often regarded in the literature as unphysical7 [31, 35]. Yet,
analyses and applications of the quasilocal conservation laws have shown how this term is in fact
needed for a proper accounting of gravitational energy-momentum transfer [10]. In particular,
it is intimately linked to and logically self-consistent with the existence of a vacuum pressure
(similarly, the leading term in an expansion in r of the quasilocal pressure P, defined from the
7 Indeed, this often relates to the argument (see e.g. [36]) that one should subtract a “reference” (vacuum) action Svac
from the gravitational action Sgravity evaluated over all spacetime, in particular taking Svac to be Sgravity evaluated
over all of flat space (hence divergent), and therefore work with a “regularized” gravitational action Sgravity − Svac.
The subtraction of such an Svac is equivalent to the subtraction of the vacuum energy term (25) from the quasilocal
energy density E . However, we emphasize that such an argument is predicated on defining Sgravity over all of
spacetime, which it should not be for properly formulating the usual action principle, and which would thus make it
(unnecessarily) divergent by construction.
10
observers’ spatial trace of τab),
Pvac(r) = − 18pir . (26)
Physically, a negative vacuum pressure acts as a positive surface tension on the boundary S ,
resulting in a “PvacdA” work term, which exactly accounts for the change in negative vacuum
energy. These vacuum terms have been shown to be necessary in applications, including recently
in the gravitational self-force problem [14, 15], where they play a key role in accounting for the
perturbative correction to the motion of a point particle due to gravitational back-reaction.
III. QUASILOCAL ENERGY CONSERVATION IN FLRW SPACETIMES
Thus far, to our knowledge, these quasilocal quantities and their conservation laws have not
been investigated in detail in the context of cosmology. In what follows, we present a basic appli-
cation of the quasilocal frame energy conservation law to FLRW spacetimes with a perfect-fluid
matter source.
Integrating equation (22) over a portion, ∆B, ofB, bounded by initial and final time slicesSi
andSf , and setting ψa = ua (which will be orthogonal toSi andSf in the cases we will consider
in this section, i.e. here we have va = 0), we obtain the following quasilocal energy conservation
law: ∫
Sf−Si
S E =
∫
∆B
B
[
T abuanb − τabDaub
]
. (27)
This law says that the change in the quasilocal energy between the initial and final time slices is
due to a flux of matter energy (the T abnaub term on the RHS) plus a flux of gravitational energy
(the −τabDaub term on the RHS) through ∆B.8 We will consider two complementary examples
of quasilocal frames in FLRW cosmology: co-moving observers who reside on a round sphere of
dynamic areal radius and see only a gravitational energy flux (zero matter energy flux), and rigid
observers who reside on a round sphere of constant areal radius and see only a matter energy flux
(zero gravitational energy flux).
We begin by expanding the gravitational energy flux density using the decomposition τab =
uaubE + 2u(aPb) − Sab introduced in Sec. II B above:
− τabDaub = Sabθab − αaPa = SabTF θTFab + Pθ − Paαa . (28)
Here θab = σ c(a σ db) ∇cud is the strain rate tensor, which is split into the expansion, θ (trace part),
and shear, θTFab (trace-free part), of the two-parameter u
a congruence; P is the quasilocal pressure;
and αa = σ ba ab is the projection of the observers’ four-acceleration aa = ub∇bua tangent to B.
The term Sabθab is of the standard form “stress”× “strain rate” = “power per unit area” in an elastic
medium; it splits into a gravitational radiation term, SabTF θTFab (SabTF and θTFab can begin at quadrupole
order), and another gravitational energy flux term, Pθ (P and θ can begin at monopole order). The
8 These are radially inwards fluxes; if they are positive, they cause the quasilocal energy to increase.
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term Paαa represents a gravitational energy flux due to the observers accelerating relative to a
quasilocal momentum density. This term has a direct analogue in both Newtonian and special
relativistic mechanics (e.g., an observer accelerating towards a non-accelerating object increases
the object’s observed energy at a rate equal to the scalar product of the observer’s acceleration and
the object’s observed momentum). There are five functional degrees of freedom in θTFab , θ, and αa,
generically three of which can be “gauged away” by suitable choice of quasilocal frame. For more
detailed discussions, see Refs. [7–15].
In the case of co-moving or rigid quasilocal observers in FLRW cosmology, because of the
spherical symmetry, θTFab and αa will be zero. However, there could be a non-zero monopole
expansion, θ (and in general there is always at least a vacuum quasilocal pressure). Thus, the
general quasilocal energy conservation law reduces, in the cases in which we will be interested, to
simply: ∫
Sf−Si
S E =
∫
∆B
B
[
T abuanb + Pθ
]
. (29)
The FLRW line element in spherical spacetime coordinates {T,R,Θ,Φ} reads:
ds2 = −dT 2 + a2(T )
[
dR2
1− kR2 +R
2dΩ2
]
, (30)
where dΩ2 is the line element on the unit round two-sphere with coordinates {Θ,Φ}, and k is the
Gaussian curvature of space when a(T ) = 1.
We will begin with an analysis of a quasilocal frame of co-moving observers, for which B ≡
BC is an R = constant surface.9 It is easy to see that:
ua ≡ uaC =
(
∂
∂T
)a
(31)
na ≡ naC =
√
1− kR2
a
(
∂
∂R
)a
(32)
The perfect fluid matter stress-energy-momentum tensor, adapted to the co-moving observers,
is written:
T ab = ρ uaCubC + p (gab + uaCubC) . (33)
(To reduce notational clutter, we omit the label “C” on the mass volume density ρ and pressure
p.) It is clear that T abuCa n
C
b = 0: the co-moving observers see no (radial) matter energy flux
through their two-sphere. However, due to the expansion of their sphere, they do see a (radial) Pθ
gravitational energy flux, analogous to a P dA work term.
The quantities in (29) are found to be the following: the integration measures are
CS = (aR)2 S2 and CB = dT ∧ CS , (34)
9 All quantities associated with the co-moving quasilocal frame will have the label “C” (subscript or superscript, as
convenience dictates).
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so we see that aR is the (dynamic) areal radius; the expansion of the congruence is
θC = 2
a˙
a
= 2H , (35)
where H is the Hubble parameter; the quasilocal pressure is
PC =
1
2 EC , (36)
which follows from the general identity E−2P = n·a/4pi and the fact that the co-moving observers
experience no radial proper acceleration (naCa
C
a = 0); and finally, the quasilocal energy density is
EC = − 14piaR
√
1− kR2 = Evac(aR)
√
1− kR2 . (37)
Integrating over the two-sphere we find the co-moving quasilocal energy (i.e. the total energy
contained inside the co-moving three-volume):
EC = Evac(aR)
√
1− kR2 . (38)
Surprisingly, the co-moving observers appear to see only the energy of empty space, i.e. the
vacuum energy contained in a round sphere of (dynamic) areal radius aR in flat space, “corrected”
by the factor
√
1− kR2 to apparently make it a curved space vacuum energy. There is no (direct)
reference to the matter in the spacetime (ρ or p). On the one hand, this is consistent with the
co-moving observers seeing only a gravitational energy flux, and no matter energy flux. On the
other hand, the time rate of change of the co-moving quasilocal energy, E˙C = HEC, does depend
on matter via H , which is connected to ρ and p through the Friedmann equations. Moreover, the
presence of k in
√
1− kR2 indicates that this term may somehow represent the “total” energy (in
the sense that the −k/a2 term in the time-time Friedmann equation a˙2/a2 + k/a2 − Λ/3 = 8piρ/3
represents the “total” cosmological energy). We will be able to shed further light on this interesting
result after considering the case of rigid quasilocal observers, to which we now turn.
To construct a quasilocal frame of rigid observers, we consider the coordinate transformation
T = t ,
R = r/a(t) ,
Θ = θ ,
Φ = φ ,
(39)
which takes us from a B ≡ BC = constant R timelike hypersurface to a B ≡ BR = constant r
timelike hypersurface.10 Rigid observers on a constant r hypersurface at time t will see co-moving
observers on a constant R hypersurface (with R = r/a(t)) at time T = t moving radially outwards
10 Analogously to the label “C”, all quantities associated with the rigid quasilocal frame will have the label “R”.
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Figure 3. A (2+1) picture in a flat FLRW spacetime showing, in red, a co-moving quasilocal frame (BC, uaC)
(with the boundary at a fixed co-moving radius) and, in green, a rigid quasilocal frame (BR, uaR) (with the
boundary at a fixed proper radius). The black dotted line is the center of the spatial FLRW coordinates,
depicted (as a Cartesian system) on each Cauchy slice by dotted blue lines.
(if H > 0) with a relative velocity β (given below). See Fig. 3. In other words, the pairs (uaC, naC)
and (uaR, n
a
R) are related by a radial boost:
uaR = γ(uaC − βnaC) ,
naR = γ(naC − βuaC) ,
(40)
where γ = 1/
√
1− β2 and
β = aRH√
1− kR2 =
rH√
1− k(a/r)2
, (41)
which, of course, is just proportional to the Hubble parameter. From (39) we see that
uaR ≡
1
N
(
∂
∂t
)a
= 1
N
(
∂
∂T
−RH ∂
∂R
)a
, (42)
so BR comprises the integral curves of ∂/∂t, and the lapse function for the rigid quasilocal ob-
servers is N = 1/γ, just the Lorentz time dilation associated with the relative velocity β.
Now we return to (29), specializing it to the case of the rigid quasilocal frame. The integration
measures are now
RS = r2 S2 and RB = N dT ∧ RS . (43)
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As expected, the areal radius, which is r, is now constant, and so the expansion of the congruence
is zero: θR = 0. In contrast to the co-moving observers, the rigid observers see no gravitational
energy flux. Instead, they see a matter energy flux
T abuRa n
R
b = −(ρ+ p) γ2β , (44)
which follows from using (40) in (33).11 Note that this is a flux associated with motion relative to
the “inertial” mass density (ρ+ p); it vanishes in the case of a cosmological constant perfect fluid,
as it should. Finally, the quasilocal energy density is
ER = −1
γ
1
4pir
√
1− k(r/a)2 = 1
γ
Evac(r)
√
1− k(r/a)2 . (45)
Integrating over the two-sphere we find the rigid quasilocal energy:
ER =
1
γ
Evac(r)
√
1− k(r/a)2 . (46)
Comparing with (37) we see that (whereBC andBR intersect)
EC = γ ER . (47)
We interpret this as saying that ER is a sort of minimum “rest” mass-energy seen by “stationary”
observers “at rest” in space (the rigid observers are all at rest with respect to each other, and
see a static spatial two-geometry); the co-moving observers are in motion with respect to these
rigid observers (and with respect to each other, and see a time-changing spatial two-geometry)
and see the same “rest” mass-energy, but dilated by the expected Lorentz factor. What allows for
such an absolute distinction between “at rest” and “moving” is the absolute (coordinate-invariant)
distinction between a static spatial two-geometry and a dynamic one.
But still, we see no (direct) reference to the matter in the spacetime (ρ or p). To see it, consider
the following remarkable identity:
1
γ
√
1− k(r/a)2 =
√
1− β2
√
1− k(r/a)2 =
√
1− r2
(8pi
3 ρeff
)
, (48)
which follows from (41) and the time-time Friedmann equation,
a˙2
a2
+ k
a2
− Λ3 =
8pi
3 ρ⇔
a˙2
a2
+ k
a2
= 8pi3 ρeff , (49)
where we have defined
ρeff = ρ+ ρΛ (50)
11 There is an interesting discussion of the purely (special) relativistic physics encoded in such a matter energy flux
given in Sec. 47 of [37].
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as the total “effective” (matter plus cosmological constant) local density, with ρΛ = Λ/8pi as in
the Introduction. Notice that both square root factors in (48) play a crucial role. The “kinetic” β2
term in the Lorentz factor gives rise to the “kinetic” cosmological term a˙2/a2; the “total energy”
k term in the spatial geometry factor gives rise to the “total energy” cosmological term −k/a2;
these combine to yield the “gravitational potential energy” cosmological term −8piρeff/3 in the
final expression. Thus we have
ER = Evac(r)
√
1− r2
(8pi
3 ρeff
)
. (51)
To see that this expression makes sense, consider the small r expansion (in which we have
temporarily, in this paragraph and the next, restored factors of G and c):
ER = −c
4
G
r +
(4pi
3 r
3
)
ρeffc
2 +
(
8pi2
9 r
5
)
Gρ2eff +O(r7) (52)
Observe that the multiplicative flat space vacuum energy factor, Evac(r) = −c4r/G in (51), plays
a crucial role in obtaining the correct matter energy result at O(r3): the correct power of r, the
cancellation of the two Gs, and the factor c2. And, as expected, the gravitational energy term at
O(r5) is proportional to Gρ2effr5 (like the Newtonian gravitational potential energy of a ball of
radius r and uniform mass density, which is proportional to GM2/r, or Gρ2effr
5). Evac(r) plays a
key role in non-linearly converting the “gravitational potential energy” square root factor in (51)
into a sensible (quasilocal) energy that includes vacuum energy, matter energy, and gravitational
energy, in a simple, exact expression that manifestly reduces to pure flat space vacuum energy in the
absence of matter (ρ = 0), including a cosmological constant. Moreover, as r increases, eventually
ER vanishes as β approaches one, or r approaches
√
3c2/(8piGρeff). For a vacuum (no matter,
ρ = 0) FLRW Universe with only a cosmological constant, such that ρeff = ρΛ = Λc2/(8piG), we
have
EΛR = −
c4
G
r
√√√√1− r2 (Λ3
)
, (53)
which (assuming Λ > 0) vanishes at both r = 0 and the horizon r =
√
3/Λ, and is pure imaginary
(undefined) for r >
√
3/Λ. All of these properties of ER are sensible, and since EC is related to ER
by a sensible Lorentz factor, recall (47), EC, too, is sensible.
It is interesting to note that the small r expansion of (53), which is (52) with ρeff = ρΛ, shows
that the quasilocal (matter plus gravitational) energy contained in the sphere is not merely the
cosmological mass volume density, ρΛ, times the volume of the sphere (times c2). Besides the
additional (geometrical) vacuum energy contribution at order r, there is a gravitational energy
contribution, nonlinear in Λ at order r5 (plus an infinite number of higher order nonlinear terms).
This suggests that it is naive to interpret the cosmological constant (times c4/(8piG)) as simply a
local “matter” energy volume density. It is that, locally, but it does not “integrate” trivially over a
finite volume of space—there are nonlinear effects that also give rise to a “gravitational” energy
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interpretation. As alluded to in the Introduction, energy in general relativity is fundamentally
non-local (or quasilocal) in nature, so the interpretation of Λ as (proportional to) a “local” energy
density of the gravitational vacuum can be made sense of only as an “effective” one—it is not truly
(or only) local.
As a final consistency check, we can differentiate ER in (51) with respect to t and use the local
matter energy conservation law (ρ˙ = −3H(ρ+ p)) that follows from the two Friedmann equations
to show that
dER
dt =
∫
St
RS
[
−(ρ+ p) γ2β
]
, (54)
in agreement with (44).
We thus see that the rigid quasilocal frame energy conservation law in FLRW spacetimes is a
highly non-trivial, nonlinear re-expression (and integration) of the local matter energy conservation
law (equivalent to ∇aT ab = 0) in a quasilocal form that includes both matter and gravitational
energy, in which the flat space vacuum energy plays a pivotal role. The co-moving quasilocal frame
energy conservation law has a complementary form that involves only gravitational energy flux
versus only matter energy flux. In short, we see that (27) leads to a completely satisfactory energy
conservation law in FLRW spacetimes, even for two very different sets of quasilocal observers, and
which sheds some light on the subtleties of including gravitational energy in an energy conservation
law.
IV. QUASILOCAL ENERGY OF SCALAR COSMOLOGICAL PERTURBATIONS
We turn our attention now to applying these ideas to a flat (k = 0) FLRW metric with scalar
perturbations in the Newtonian gauge and with a vanishing cosmological constant in the Einstein
equation (Λ = 0), and we aim to draw comparisons between our results (appropriately applied to
a “small locality”) and the more typical effective local treatment developed e.g. in Ref. [19] and
widely used in cosmology today.
To this end, we will construct and consider energy expressions for rigid quasilocal frames, i.e.
for quasilocal observers which are “at rest” relative to each other (such that the spacetime physics
is essentially encoded in the energy-momentum boundary fluxes, and not in any relative motion of
these observers on the boundary itself).
A. Setup: scalar cosmological perturbations in the Newtonian gauge
We begin with the perturbed flat FLRW metric gab in the Newtonian gauge, in physical time T
and Cartesian spatial coordinates {XI} given collectively by12
{X α¯} = {T,XI}3I=1 , (55)
12 We remind the reader that Greek indices are used instead of Latin ones to indicate a particular coordinate choice
instead of abstract index notation.
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and denoting the metric perturbation as ψ(X α¯),
gα¯β¯dX α¯dX β¯ = − (1 + 2λψ) dT 2 + a2 (T ) (1− 2λψ) δIJdXIdXJ +O(λ2) , (56)
where we are ignoring quadratic (O(λ2)) metric perturbations13.
We assume that this is sourced by a scalar matter field, described by a usual matter stress-
energy-momentum tensor
Tab = ∇aϕ∇bϕ− 12gab (∇cϕ∇
cϕ+ 2V [ϕ]) , (57)
for which we assume a perturbative expansion with only a time-dependent background,
ϕ(X α¯) = ϕ0(T ) + λ∆(X α¯) +O(λ2) . (58)
It is known that, at zeroth order in λ, the (respectively, time-time and space-space) Einstein
equations are the usual Friedmann equations14,
3H2 = 8pi
(1
2 ϕ˙
2
0 + V0
)
, (59)
−
(
2H˙ + 3H2
)
= 8pi
(1
2 ϕ˙
2
0 − V0
)
, (60)
where overdot indicates a derivative with respect to T , and we denote H = a˙/a and V0 = V [ϕ0].
(Note that the second equation can also be rewritten using the first as H˙ + 3H2 = 8piV0). At first
order, we have the (respectively, time-time, time-space and and space-space) Einstein equations15
−6Hψ˙ + 2
a2
δIJ∂I∂Jψ = 8pi
(
ϕ˙0∆˙ +
δV0
δϕ0
∆ + 2V0ψ
)
, (61)
∂I
(
2ψ˙ + 2Hψ
)
= 8pi∂I (ϕ˙0∆) , (62)
2ψ¨ + 8Hψ˙ + 16piV0ψ = 8pi
(
ϕ˙0∆˙− δV0
δϕ0
∆
)
. (63)
Additionally, the Einstein equations for gα¯β¯ are supplemented with the matter field equations
for the scalar field ϕ described by the matter tensor Tab above [Eq. (57)], in particular the Klein-
Gordon equation∇a∇aϕ− δV/δϕ = 0. In the {X α¯} coordinates, at zeroth order, this is
− ϕ¨0 − 3Hϕ˙0 − δV0
δϕ0
= 0 , (64)
13 The quadratic metric perturbations should in fact be included in an exact calculation following our approach as a
matter of consistency, and this inclusion can readily be accommodated. We are nevertheless ignoring these terms
here for simplicity since in applications, these—just like the linear perturbations—are “averaged out” to zero [19],
i.e. 〈g(2)
α¯β¯
〉Σ(0) = 0, just as 〈g(1)α¯β¯ 〉Σ(0) = 0 (while in general, 〈(g
(1)
α¯β¯
)2〉Σ(0) 6= 0).
14 The space-space equation (60) is written after division by a2.
15 The space-space equation (63) is written after some LHS-RHS cancellation between Einstein and matter tensor
components and division by a2.
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and at linear perturbative order it is
− ∆¨− 3H∆˙ +
(
1
a2
δIJ∂I∂J − δ
2V0
δϕ20
)
∆ + 4ϕ˙0ψ˙ − 2ψ δV0
δϕ0
= 0 . (65)
B. Construction of rigid quasilocal frames
We now follow the same general method as in the previous section to construct here a quasilo-
cal frame16 (B, ua): that is, by performing a change of coordinates from the Newtonian-gauge
coordinates {X α¯} = {T,XI} to a set of adapted spherical coordinates
{xα} = {t, r, θ, φ} . (66)
The latter are said to be adapted to the quasilocal observers in the sense that B = {r = const.},
and such that the congruence four-velocity is given, in these coordinates, by
uα = 1
N
δα t, (67)
where N is the lapse of gαβ . By orthogonality we thus have that the normal vector to B is nα =
gαr/
√
grr, and from these we can proceed to compute all necessary geometrical quantities defined
in Sec. II. Different choices of such a transformation {X α¯} 7→ {xα} can thus be regarded as
corresponding to different types of quasilocal frames.
We wish to compute the second-order energy of the linear metric perturbation ψ. Thus, for this
we would like to construct a quasilocal frame that is rigid up to second perturbative order inclusive
(modulo linear terms in quadratic (O(λ2)) metric perturbations, which we are ignoring for this
calculation). We begin by considering a coordinate transformation of the general from
T (x
α) = t+ λf(1) (xα) + λ2f(2) (xα) ,
XI (xα) =
(
1 + λF(1) (xα) + λ2F(2) (xα)
)
r
a(t)r
I ,
(68)
where rI = (sin θ cosφ, sin θ sinφ, cos θ) are the standard direction cosines of a radial unit vector
in R3 and f(1), f(2), F(1) and F(2) are all functions of the {xα} coordinates. We choose these
functions so as to achieve an exact two-sphere metric induced on each constant-time slice in these
coordinates, i.e. such that
σαβ = gαβ − nαnβ + uαuβ = r2diag
(
0, 0, 1, sin2 θ
)
+O(λ3) . (69)
Proceeding thus, i.e. computing σαβ in the coordinates {xα} given by the general transformation
(68) and then setting it equal to (69), we find that we can satisfy the latter (boundary rigidity)
16 We drop the “R” sub-/super-script as it is understood that we are working here and for the remainder of this section
only with rigid quasilocal frames.
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condition with the choicef(1) = −H
−1ψ , f(2) = −12H−3 (H′ + 2H2)ψ2 ,
F(1) = ψ , F(2) = 32ψ
2 ,
(70)
where ′ = d/dt andH = a′/a.17
C. Energy of cosmological perturbations
In the choice of coordinates {xα} described above [Eq. (68) with f(1), f(2), F(1) and F(2) given
by Eq. (70)], we compute the Brown-York tensor Παβ from which we get the quasilocal energy
(boundary) density:
E = − 18piΠαβu
αuβ (71)
= E(0) + λE(1) + λ2E(2) +O(λ3) , (72)
where
E(0) (xα) =−
√
1−H2r2
4pir , (73)
E(1) (xα) =− (H
′ +H2)r
4pi
√
1−H2r2ψ , (74)
E(2) (xα) =
(H′′H + 2H′ + 4H2)r + (H
′+H2)2
(1−H2r2) r
3
8pi
√
1−H2r2 ψ
2 . (75)
We will also need the quasilocal momentum, which we compute to be:
Pα = 18piσ
αβuγΠβγ (76)
=Pα(0) + λPα(1) + λ2Pα(2) +O(λ3) , (77)
17 Note that our use here of the prime (′) and calligraphic Hubble parameter (H) symbols should not be confused with
their more typical usage in the cosmology literature where they are usually related to a different time coordinate,
namely conformal time. In our case, we emphasize that ′ indicates a derivative with respect to the time coordinate t
adapted to quasilocal observers.
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where
Pα(0) (xα) = 0 , (78)
Pα(1) (xα) =−
δα iHσij∂jψ
8pir(1−H2r2) , (79)
Pα(2) (xα) =−
δα t(∇S2ψ)2 + δα i[ψ′ − (H + H′H + 2H1−H2r2 )ψ]σij∂jψ
8pir(1−H2r2) . (80)
These are exact results for any rigid quasilocal frame (B, ua) in this spacetime, where we recognize
E(0) as the background energy already obtained and discussed in the previous section.
Now let us consider the total energy,
E =
∫
S
S (E − Pava) = E(0) + λE(1) + λ2E(2) +O(λ3) , (81)
where in these coordinates we haveS = S2r and S = S2r = r2S2 . Moreover we can use the fact
that vi = −ui to compute∫
S
S (−Pava) = −λ2
r
8pi
√
1−H2r2
∫
S2r
S2(∇S2ψ)2 +O(λ3) . (82)
It is interesting now to consider E in a small-radius expansion. Vis-à-vis the above (−Pava)
term, one can easily show and use the fact that
∫
S2r
S2(∇S2ψ)2 = r2 8pi3 (∇R3ψ)
2 +O(r3) , (83)
where the Cartesian spatial three-gradient is understood to be evaluated at r = 0.
The linear energy (E(1)) is usually regarded in applications as physically uninteresting, as ψ is
typically “averaged out” to zero over all of three-space [19], i.e. 〈ψ〉Σ(0) = 0. The second-order
energy, after substitution of the background Einstein equations (Friedmann equations), simplifies
to
E(2) =
(4pi
3 r
3
)
ρ(2) +O(r4) , (84)
where we have defined an effective local energy volume density
ρ(2) (xα) = 3
(
2H2
pi
− 4V0 + ϕ
′
0
H
δV0
δϕ0
)
ψ2 − 14pi (∇R3ψ)
2 , (85)
where ψ as well as its spatial gradient are both now understood to be evaluated at r = 0. Thus, rigid
quasilocal observers only see a “mass-type” (metric perturbation squared) and Cartesian three-
gradient squared correction to the effective local energy density away from FLRW. These arise,
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respectively, from the quasilocal energy surface density E and from the quasilocal momentum
shift projection (−Pava).
It is interesting now to study this result if we transform back to the original {X α¯} coordinate
system (i.e. the Newtonian perturbative gauge in which the metric (56) and field equations (59)-
(63) were written), in order to make a connection with the work of Ref. [19] and so that we can
more conveniently use, if we so wish, the Einstein equations (59)-(63) in order to make simplifying
substitutions. For this transformation, we also need the zeroth and linear order effective local
energy volume densities in the {xα} coordinates (defined in the same way as ρ(2) at their respective
orders),
ρ(0) (xα) =
3H2
8pi , (86)
ρ(1) (xα) =
(
3H2
2pi − 6V0
)
ψ , (87)
which upon performing the transformation {xα} 7→ {X α¯} will contribute O(λ2) terms to ρ(2). To
do this, we simply need to set H = JH where H = a˙/a (with overdot denoting a derivative with
respect to T ) as before, and we define J to be the time coordinate Jacobian, J = ∂T/∂t. We must
compute the latter from the transformation [Eq. (68) and (70)] and re-express it in terms of the
{X α¯} coordinates. We find:
J = ∂T
∂t
= 1 + λJ(1) + λ2J(2) +O(λ3) , (88)
where
J(1)(X α¯) =H−2
(
−Hψ˙ + H˙ψ
)
, (89)
J(2)(X α¯) = 12H
−4 [−2H2ψψ¨ + 2H (H˙ − 2H2)ψψ˙ + (HH¨ − H˙2 + 2H2H˙)ψ2] . (90)
Using this, we get ρ(2) in the original ({X α¯}) coordinates:
ρ(2)(X α¯) =
3
8pi ψ˙
2 − 34piψψ¨ −
9H
2pi ψψ˙ +
(
3H2
2pi + 6
ϕ˙0
H
δV0
δϕ0
)
ψ2 − 14pia2 (∂Iψ)
2 . (91)
This expresses the total—matter plus gravitational—energy (effective local density) still strictly in
terms of the gravitational perturbation (ψ) without a direct appearance of the matter perturbation
(∆). In order to see how the latter plays a role, and also to eliminate the second time derivative
term which is a priori unusual in an energy expression, we can substitute ψ¨ from the (dynamical)
space-space first-order Einstein equation (63) to get:
ρ(2) =
3
8pi ψ˙
2 − 3H2pi ψψ˙ +
(
3H2
2pi + 6V0 + 6
ϕ˙0
H
δV0
δϕ0
)
ψ2 + 3
(
−ϕ˙0∆˙ + δV0
δϕ0
∆
)
ψ − 14pia2 (∂Iψ)
2 .
(92)
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We note that in our expression for ρ(2) above [Eq. (92)], the first two terms coincide with the
negative of the first two terms obtained in Eq. (65) of Ref. [19] for the averaged effective local
energy density of scalar cosmological perturbations, i.e. the t00 in our notation in the introduction,
Eq. (7) [called “τ00” in Ref. [19], not the same as the Brown-York tensor τab used in this paper].
We will return to comment more upon this sign discrepancy in the following subsection.
D. Specialization to some time-only dependent cases of interest
Let us further study these results in the simplified case where the perturbations are only time-
dependent.
1. Vanishing potential
In the case that V0 = 0, the time-time Einstein equation (61) tells us that ψ˙ is proportional ∆˙
with the factor dependent on background quantities. (In particular, −3Hψ˙ = 4piϕ˙0∆˙.) Hence a
kinetic energy term for the matter perturbation can be brought to appear explicitly by substituting
ψ˙ from this Einstein equation into (92). This yields:
ρ(2) =
1
2∆˙
2 + 3H4pi ψψ˙ +
3H2
2pi ψ
2 . (93)
Indeed, in this simplified case, we have that 38pi ψ˙
2 = 12∆˙
2 exactly (with the equality holding
up to spatial dependence and potential terms in the general case), thanks to the first-order and
background time-time Einstein equations. Now, in our notation, the t00 (“τ00” therein) of Ref. [19]
(to be compared, in principle, to our ρ(2)), in this reduced case reads:
t00 = − 38pi 〈ψ˙
2〉Σ(0) +
3H
2pi 〈ψψ˙〉Σ(0) +
1
2〈∆˙
2〉Σ(0) , (94)
and so would be left without any explicit kinetic energy terms upon substituting 38pi ψ˙
2 = 12∆˙
2,
i.e. we are only left with t00 = 3H2pi 〈ψψ˙〉Σ(0) in this case, where it does not seem possible to use
further field equation substitutions to produce a kinetic-type (perturbation time derivative squared)
term. Thus we conjecture that the factors appearing in front of the (gravitational and matter)
perturbation kinetic terms in (94) [Eq. (65) of Ref. [19] in our notation and in this reduced case]
are not consistent, but rather, the true, total kinetic energy of the perturbations (the time derivative
squared term in the effective density), based on our results, is either the kinetic energy of ψ only
(with a factor of +3/8pi),
ρ
(ψ)
KE =
3
8pi ψ˙
2 , (95)
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or (equivalently thanks to the Einstein equation) the kinetic energy of ∆ only (with the usual factor
of +1/2),
ρ
(∆)
KE =
1
2∆˙
2 , (96)
or any combination thereof permitted by further Einstein equation substitutions.
2. Slow-roll approximation
In the slow-roll approximation, relevant for inflation, we have V0  12 ϕ˙20 so that H2 ≈ 8pi3 V0
and δV0
δϕ0
≈ −Hϕ˙0. Furthermore approximating ψ˙ ≈ 0, we thus get an effective density:
ρ(2) ≈ 4V0ψ2 , (97)
which coincides with the result in Eq. (74) of [19] up to sign and a potential second functional
derivative term. We conjecture that this sign discrepancy might be connected to the sign discrep-
ancy we have obtained with the general metric perturbation kinetic term, and so this disagreement
warrants further investigation. Physically, this is important because the sign of this ρ(2) (positive as
in our result, or negative as in the result of Ref. [19]) determines the overall effect of perturbations
on inflation (either accelerating it further or, respectively, counteracting it).
V. CONCLUSIONS
A. Summary and discussion of results
In this paper, we have offered an initial investigation of quasilocal (matter plus gravitational)
energy-momentum, specifically using the Brown-York tensor, in cosmological solutions of general
relativity. In particular, we have computed and investigated the quasilocal energy of homogeneous
isotropic (FLRW) spacetimes and of scalar cosmological perturbations.
Gravitational energy-momentum is fundamentally quasilocal in nature. Thus, the total energy-
momentum (of gravity plus matter) for any physical system must also be fundamentally quasilo-
cal, as must be its conservation law. In the local limit, such a quasilocal conservation law must
reduce to ∇aTab = 0 (a local conservation law for matter alone), where the quantity Tab, which
serves as the local source of the gravitational field, could be thought of as an emergent limit of the
more fundamental quasilocal (matter plus gravity) energy-momentum. In trying to apply the prin-
ciple of energy-momentum conservation in cosmology, researchers usually begin with the local
notion of matter energy-momentum and try to include some form of effective local gravitational
energy-momentum. We are advocating that a better approach is to use a quasilocal (total) energy-
momentum conservation law as the starting point.
As we have seen, the quasilocal energy is purely geometrical in character, in other words the
total (gravitational plus matter) energy within any spacetime region is given purely in terms of the
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intrinsic and extrinsic geometry of the spacetime boundary of that region. The explicit appearance
of matter terms in energy expressions can then be achieved by local substitutions of the Einstein
equation, as we have seen explicitly with our application of these definitions in this work to cos-
mological spacetimes. The lesson is that while the Einstein equation expresses the local dynamics
between the (local) stress-energy-momentum of matter fields and the (local) gravitational field, and
while a local definition of the energy-momentum of the latter is fundamentally incompatible with
the precepts of the theory, a purely geometrical quasilocal (boundary) density of stress-energy-
momentum is generally capable of capturing a meaningful notion of this concept as applied to the
total physical field, i.e. of both the matter and the gravitational field. In other words, the man-
ifestation of the stress-energy-momentum of non-gravitational (i.e. matter) fields as local ought
to be regarded as an effective phenomenon due to spacetime geometry acting as a physical field
itself (one locally sourced thereby), and thus fundamentally emergent from a (purely geometrical)
quasilocal notion.
This point of view is relevant when regarded in the wider context that much of the history
of applications of general relativity involving notions of “gravitational energy-momentum” has
for reasons of understandable expediency—and frequently, in appropriate approximations, leading
thus to much practical success—attempted to treat this as an effective local phenomenon, similarly
to how we are used to thinking about matter pre-relativistically. However such approaches will
always be fundamentally limited by the extent to which the approximations assumed in the problem
permit or not the existence of a (sufficiently) mathematically well-defined and physically sensible
effective “gravitational energy-momentum” notion of such a (local) sort. Rather, the essential
lesson of the equivalence principle is that the situation is other way around: matter stress-energy-
momentum is an “effectively local” phenomenon (and attributed this interpretation as the local
source of the gravitational field), and emergent from the energy of the total physical field, including
that of gravity, which is fundamentally quasilocal. Thus, beginning with a quasilocal point of view
on stress-energy-momentum in problems of application involving such notions as attributed to both
gravitational and non-gravitational fields may shed conceptual light and offer technical pathways
forward beyond what is available solely within an effective local perspective.
In Sec. III, we have applied the Brown-York definition of the quasilocal (gravitational plus mat-
ter) stress-energy-momentum along with the notion of quasilocal frames to homogeneous isotropic
(FLRW) spacetimes and considered their energy conservation laws. We have shown that these are
able to recover the usual effective local manifestation of the energy density and pressure of matter
as well as of a cosmological constant term in the Einstein equation. The latter is often interpreted
as the (effective local) “energy/pressure of the gravitational vacuum”, often dubbed “dark energy”,
and much dispute has arisen from attempts to reconcile such a notion with the fundamentally local
treatment of energy in matter (non-gravitational) theories such as quantum field theory. However,
passing to a quasilocal treatment—which fundamentally accounts for both matter and gravity—
may help to shed fresh perspectives on this issue: perhaps the relevant question to ask is not how
gravitational energy-momentum can be “fitted within” a local perspective (as we are used to taking
with non-gravitational theories), yet strictly in an effective way, so as to make sense of phenom-
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ena such as the observed accelerated expansion along with the matter content of our Universe, but
instead, how the matter plus gravitational energy can be described together, quasilocally, to make
sense fundamentally of such phenmomena.
In Sec. IV, we have applied these quasilocal notions to computing the energy of scalar cos-
mological perturbations. Historically this has been approached a priori via the effective local
method, thus requiring various assumptions to be introduced—with different ones taken by differ-
ent authors—to formulate the problem. This has led to often divergent conclusions on the question
of the back-reaction of the perturbations upon the background metric, relevant especially for early
Universe cosmology. As we have shown here, the Brown-York quasilocal energy (applied to a rigid
quasilocal frame) can recover sensible expressions for the effective second-order (in perturbation
theory) local energy density of the total (gravitational plus matter) scalar cosmological perturba-
tions, comparable to the standard results obtained via “averaging” arguments [19]. We emphasize
however that our approach is exact, without the need to introduce any averaging assumptions from
the beginning, and indeed for this reason we do not expect a priori a direct term-by-term compari-
son between our (exact, unaveraged) effective local energy density and the (averaged) result of Ref.
[19]. In fact, we conjecture that the kinetic energies in the latter are not consistent (in particular,
the total kinetic energy of the perturbations therein seems to vanish in a time-only dependent and
vanishing potential case), and that based on our results, the true, total (matter plus gravitational)
kinetic energy is given either as that of the metric perturbation (ψ), ρ(ψ)KE = 38pi ψ˙
2, or equivalently,
that of the matter perturbation (∆), ρ(∆)KE = 12∆˙
2 (with ρ(ψ)KE = ρ
(∆)
KE modulo spatial dependence and
potential terms).
B. Outlook
This work merely begins to scratch the surface of the potential utility of quasilocal stress-
energy-momentum definitions and conservation laws for cosmology. The ideas outlined here can
be extended in a wide variety of directions.
While in this work we have employed the Brown-York definition for the quasilocal stress-
energy-momentum, it would be interesting to investigate and compare cosmological results us-
ing other quasilocal definitions. Moreover, here we have worked within general relativity, and so
one may consider appropriately generalized definitions of quasilocal tensors to investigate cosmo-
logical solutions in modified gravitational theories. (A simple approach would be to retain the
same basic Brown-York definition τab ∝ δStotal/δgab but applied to any modified theory Stotal, not
necessarily general relativity minimally coupled to matter.)
Furthermore, here we have investigated the FLRW metric with no perturbations and only
with scalar metric perturbations in the Newtonian gauge. The analysis can straightforwardly be
extended to gauge-invariant metric perturbations and including all—scalar, vector and tensor—
modes.
Moreover, it would be very interesting to investigate these results further in specific situations
such as inflation and the problem of cosmological back-reactions in the early Universe. The man-
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ifest advantage of our approach is that it is exact, without the need to introduce from the start any
simplifying assumptions or “averaging” procedures. This may help to provide a more fundamental
perspective and to clarify the current disputes in the cosmology community on this issue arising
from different assumptions and averaging procedures being used for effective (local) approaches.
Quasilocal methods may also provide insights into the flow of both matter and gravitational energy-
momentum during large-scale structure formation.
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